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Abstract 



We include a Chern-Simons term in a GL{3, R) gauge formulation of gravity 
with a cosmological contribution in 2+1 dimension and we explore consistence 
showing that excitations must be causal and standard topological massive grav- 
ity is recovered from this type of construction at the torsionless limit. 
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^ ■ 1 Introduction 

It is well known that the introduction of a Chern-Simons lagrangian term (CS) in the 
Q I Hilbert- Einstein formulation provides a theory which describes a massive excitation of 

a graviton in 2+1 dimensions [1]. If a cosmological term is included, the cosmologically 
^ ■ extended topological massive gravity (TMGA) arises[2]. The aforementioned action 
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where is in lenght units (i.e., k'^ ^ I), fi ^ I ^ and Scs is the CS action. In a 
Riemannian space-time, the action ([T]) gives the field equation, Rf"" - - Xg''" + 
- C^'^ = where is the (traceless) Cotton tensor. The trace of the field equation 
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gives a consistency condition on the trace of the Ricci tensor (this means, it! = — 6A). 
Starting with the field equation, it is possible to write down an hyperbolic-causal 
equation which describes a massive propagation for the Ricci tensor as follows 



The next section is devoted to explore consistence of a GL{3, R) gauge formula- 
tion[3,4] for topological massive gravity with cosmological constant (GTMGA), veri- 
fying the existence of causal propagation and the fact that standard TMGA can be 
recovered from GTMGA at the torsionless limit. Some remarks will be given in the 
conclusions. 

2 A GL(3,R) gauge formulation for topological mas- 
sive gravity with cosmological constant 

A brief review of the gauge formulation for (free) gravity with cosmological constant 
starts herc[4]. Let M be a 2-1-1 dimensional manifold with a metric, g^j^i, provided. A 
(principal) fiber bundle is constructed with M, a 1-form connection is given, {AxY^^ 
which will be though non metric dependent. The connection transforms as Ax — 
UAxU~^ + UdxU~^ under U G GL{3,R). Torsion and curvature tensors are T^xu = 
{Ax)^j, — {A^)^^^ and F^i, = D^A^ — D,^A^ + [A^,A^] (components of the Riemann 
tensor are Wa^u = {F^tiT a)- '^^^ g^-^ge invariant action is 



which reproduces the Hilbert-Einstein with cosmological constant field equations. 
The lagrangian massive term to consider is the CS action 



(V^V^ — /^^) Rtiw — R^'^RaPQiiw + 3R"fj,Rau + RQixv 
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which is gauge variant because 

2 r 

SuScs = J d^xe^-^'trd^lA.dxUU-'] -4n\'mW{U) , (5) 

where W{U) = (Px ef""^ tr[U-^d^UU-^d^UU-^dxU) is the "winding number" 

of the gauge transformation U . So, the topological massive action is 

S = So + Scs ■ (6) 

The torsionless limit of ([6]) can be explored by introducing nine constraints through 
the new action S' = S + J dPx^—g hap e^^" {A\)^ where hap are lagrange multi- 
pliers. Variation on connection and metric gives rise to the following field equations 

2 

Dfj.R„x - DxRaf, - 'me''^a{gxuRi,p - 9f^uR\p - - Rgxug^ip) = , (7) 

Rcrfj.R'^u — RRfj.u + R^ — dfiu^^ = , (8) 

where the following consistency condition appears 

R = constant . (9) 

Due to the last condition on the Ricci scalar, we can test solutions of the type 
RfMu = § 9pu, by pluging them in ([H]), and this gives 

i? = ±6 I A I , (10) 

verifying the existence of (Anti) de Sitter solutions. 

A quick look on causal propagation of the theory can be performed writing a 
second order equation from ([7]), this means 

(VaV° — m^) R^^ — R"^Rapg^y + 3R°'fj,Rau H — — g^u 

3R „ R^ , , 

-—R^v^—g^v = ^. (11) 
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3 Conclusion 

Equation (fTTl) describes a massive hyperbolic-causal propagation of graviton. So, 
GTMGA contains as a particular case the TMGA classical formulation (at the tor- 
sionless limit) if we take the mass value m as the CS (m = /i) and the consistency 
condition IQ is fixed as ffTOl) . 

Obviously, GTMGA is gauge variant under GL{3, R) due to the presence of the 
CS term. However, by taking boundary conditions on the elements U, the term 

goes to zero and the transformation rule now is 
6uS = —An'^K^m W{U). If we demand that the expectation value of a gauge invariant 
operator (i.e., < O >= / VAO{A)e'^ with the gauge invariant measure T>A 
and the normalization constant Z) must be gauge invariant too, it is required that 
—ATx'^K'^mW{U) be an integral multiple of 27r and a quantization condition on the 
parameter K^m must arises. This fact occurs, at least, by performing a restriction 
on the covariance of the theory, this means, taking a compact subgroup of GL(3, R) 
(i.e., 50(3)). 

A first step to explore a canonical quantization program for this theory and a 
study of propagation of spin degree of freedom, between other things, could be the 
linearization of the metric and connection. There, the perturbative analysis must 
depends non trivially on which kind of non perturbed space-time we start (i.e., tor- 
sionless or not). This will be studied elsewhere. 
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